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w Introduction
In this paper we will establish the following result on p arisubharmonic (psh) functions.
Theorem. Let f2CffY be a smoothly bounded domain. The, e,e exists smooth, psh function ~ on f2 such that for any domain f2 with ~z~#f2+c~, there is no function ~ psh on ~ such that ~ < ~ on ~2 n f2.
It is evident, in particular, that ~ cannot be extended to be psh in any larger domain, and thus we recover the known fact that f2 is a domain of existence for psh functions (see [1, 2] ). However, since psh functions arise in complex analysis through their use in inequalities, the problem of subextension seems more appropriate than the problem of extension. Fornaess and Sibony [-3] showed that there is a psh function on the ring domain {z~l12": 1 < [z I <R} which cannot be subextended to the ball {Iz]<R}. The function given in the Theorem improves this example by showing the function can be taken to be smooth and by showing that the failure of subextension is actually a local phenomenon.
The construction in the Theorem is based on Lemma 1 which shows that Lelong number can be both created and "propagated" by certain kinds of decrease. For example, if ~ (z, w) is psh in a ball containing (0, 0) and if 1 ~k(z, w) < log( llw ll a + e-I~rl ~) holds for Re z > 0, then ~b (z, w) must have positive Lelong number on the variety {w = 0}. The impossibility of subextension then arises from the Theorem of Siu which shows that the set where the Lelong number is > ~ is a (global) variety.
Let us remark also that the Theorem gives a result on super-extension of (1, 1) currents. As was noted in [3] , if 0 is the function given in Theorem 1, then the (1, 1)-form S = d dCO has the property: if ~ is any domain with O c~ 0f2 :t= ~b, then there is no positive, closed (1, 1)-current Son ~ with S>__S on Oc~.
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w 2. Propagation of Lelong Number
We will let z=zj~ and w=(z2 ..... z,) denote the coordinates of (z, w)elC". By I I w I I, we mean the Euclidean norm, I I w ll z = I zz I z +--. + I z, [z. Our basic tool is the following. 
1--B
Hence, if 0 < B < 1 and x is very large and negative, the minimum will occur at the point y for which (5) 
The following proposition lists several properties of u(z, w).
Proposition 2. The function u of (6) satisfies (i) u is psh for (z, w)e [(II2\IR-) ~ q/] x C "-t and on the open set
(
ii) u (z, w)_--< 89 log (]lw--g (z) lF 2 + r (z)2). (iii) u is continuous on tE"\(O, 0), and u(z, w)~ -o0 as (z, w)~ (0, 0).
Proof For zsq/, z not on the negative real axis or z=0, u(z, w) is clearly psh as the maximum of psh functions. The definition of u(z, w) shows
Thus, on the open set rlw-g(z)ll >r(z), u is also psh because it is equal to log ]] w-g (z)]l, a psh function. The inequality of (ii) is also clear, since u(z, w)=max { 89 log r(z) 2, 89 log Ilw -g(z)ll 2 } < 89 log(r(z) 2 + IPw-g(z)l [2) .
The third assertion is clear. The function u(z, w) is essentially psh on the complement of the ball of radius 1 with center at (-1, 0) . The only problem is that u is only defined for z near 0. To get a globally defined function on a ring domain OR--{(z, w): 1 < Iz+ 112+ Nwll2<(1-4-R)2}, we want to take the function u(z, w) for (z, w) near 0, and then modify it by some smooth function away from (0, 0). Precisely, we have the following.
Proposition 3. For any 6 > O, there exist constants C 1, C2 > 0 such that the function U (z, w) defined by u(z, w)
Rez__> -6 max {u(z, w), C1--C2 Rez} --6>Rez>= --26
is psh on ~R.
Now we note that the function U(z, w) constructed on OR is not smooth.
However one may check that the singularities are locally of the form
i.e., they are locally the maximum of a smooth psh function S(z, w) and a pluriharmonic function h(z, w). In other words, at a singular point
where Z(t)=max(0, t). If we replace ~ by a C ~ convex and increasing function )~ with )~(t)=0 for t<-5 and )~(t)=t for t>~, then the resulting function will be Coo and psh, and [U-UI<2e. Further, the function is changed only on the set {-5 < S-h < e} so that if e is taken to be small, /~ = U holds near any other singularity.
We will now select a particular curve g(z) so that the function U constructed above does not subextend. Choose real numbers (fi2, ..., fl,,) such that the curve
c(t) = (e i~, e 2~i#zt, ..., e2~ip"t), --oo ,< t < -b 0%
is dense in the n-torus. Then, for 5 a small positive number, let g(z) be the analytic curve defined for [ z I < 1 by g(z) = (g2 (z), ..., g, (z)), where gi(z) =5(1 + z)P~-e(1 +z) (and the principle branch of (1 + z) B' is used). The conditions g(0)= 0, ]l g'(z)II < 88 are satisfied on {Re z > -2 3, I z l < R} if 3 > 0 is sufficiently small. Thus, we obtain the function 0 as above. for all (z, w) in a neighbourhood of (0, 0). Thus, the Lelong number of ~p is at least q at every point of the variety w=g(z) near to (0, 0). By Siu's theorem [4] , the set of points in {Iz]2+ IlwllZ<(l+T) 2} where the Lelong number is > q is an analytic variety, V. Since it contains the part of the curve w=g(z) near (0, 0), it also contains all the points (z, w) one can connect to (0, 0) by analytic continuation along curves in the set S = {w = g(z)} n (1 z 12 + II w II 2 < (1 + ~)2}.
However, we claim that this set is contained in no (proper) analytic variety. For, we can clearly follow a path in S to a small neighborhood of the branch point z =-1, w = 0. Then for small p, analytic continuation on the path with z (t) = --1 + p e i~, -~ < t < + ~, shows that V contains all the points (z (t), w (t)) where
This set is not contained in any (proper) variety in a neighborhood of (-1, 0), since under the biholomorphic map z' = (1 + z), w' = w + ~ (1 + z) = w + e z' its image is a dense subset of the distinguished boundary of the polydisk with center at (0, 0) and polyradius (p, 8p~2,..., e pP,). This is a contradiction so no such function {b can exist. We remark that in the proof one could use instead of Siu's theorem a weaker version due to Skoda [5] , which asserts that this set is contained in a variety.
Proof of the Theorem. We use the notation
A((zo, Wo), rl, r2) = {(z, w)~(122: r2~ <lz-zol2 + IIw-woll2 <r2~}.
If s is smoothly bounded, then there is a sequence of domains

Aj = A ((zJo, wJo), rJl, r 89
such that s and there is a point pjeOf2c~OAj. Clearly we can choose the Aj such that the set {p j} is dense in 0f2. By Proposition 3 there exists 0j which is psh and smooth and cannot be locally subextended over pj. Without loss of generality, we may assume 0j < 0. If we choose ej > 0 such that ~ = ~ ej Oj converges in C~(s then ~ cannot be subextended over any neighborhood of Of 2. For if ~ and ff are given, then there exists pj~n0s but ff<8~O holds on O ~ 0s which is a contradiction.
